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Abstract. We give examples of asymptotically flat three-manifolds 
(M, g) which admit arbitrarily large constant mean curvature spheres 
that are far away from the center of the manifold. This resolves a ques- 
tion raised by G. Huisken and S.-T. Yau in 1996. On the other hand, 
we show that such surfaces cannot exist when (M, g) has nonnegative 
scalar curvature. This result depends on an intricate relationship be- 
tween the scalar curvature of the initial data set and the isoperimetric 
ratio of large stable constant mean curvature surfaces. 



1. Introduction 

In this paper, we contribute towards a full understanding of large sta- 
ble constant mean curvature surfaces in asymptotically flat three-manifolds. 
In particular, we discover and use a delicate mechanism that brings out 
the subtle role of scalar curvature in this problem. Our results lie at a junc- 
ture of the classical analysis of Riemannian manifolds via their isoperimetric 
properties on the one hand, and spectacular recent developments in math- 
ematical relativity through the work of H. Bray [3] and G. Huisken [13] on 
the other hand. 

Stable constant mean curvature surfaces have been used with great success 
to capture physical properties of initial data sets for the Einstein equations. 
A landmark result in this direction due to G. Huisken and S.-T. Yau says 
that the ends of non-flat initial data sets admit canonical foliations through 
stable constant mean curvature spheres. The mass and the center of mass 
of the initial data set are encoded in these spheres [14J. J. Qing and G. 
Tian showed that each leaf of the foliation is distinguished as the unique 
stable constant mean curvature sphere of its mean curvature that contains 
the center of the manifold [18]. This extends the uniqueness result for the 
leaves from [14j . D. Christodoulou and S.-T. Yau observed that the Hawking 
mass is a natural quasi-local measure of gravitation for regions in initial data 
sets that are bounded by stable constant mean curvature spheres [7]. H. 
Bray [3] observed that the Hawking mass is monotone increasing along an 
expanding foliation through such spheres, such as that of [14j, if the scalar 
curvature is non-negative. 

J. Metzger and the second-named author showed that the stable constant 
mean curvature spheres in [14] enclose their volume with the least amount of 
area possible. In fact, they are uniquely characterized by this property [10] . 
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This result holds in all dimensions [12]. It resolves a conjecture of H. Bray 
who in this Stanford thesis characterized the solutions of the isoperimetric 
problem in the exact Schwarzschild manifold [3] . We characterized the solu- 
tions of the isoperimetric problem in the doubled Schwarzschild manifold in 
[6]. Moreover, in a recent paper [2], the first-named author showed that any 
embedded constant mean curvature surface in the Schwarzschild manifold 
is a sphere of symmetry. This result is similar to the classical Alexandrov 
theorem in Euclidean space in that it does not require any assumptions con- 
cerning the topology of the surface or the stability operator. Moreover, the 
result can be generalized to a large class of rotationally symmetric manifolds; 
see [5] for a precise statement. 

We assume throughout that g is a Riemannian metric on M 3 such that 

3 

(1) g = (1 + l^l^ 1 ) 4 dxi <g> dxi + T + o(|x| -2 ) as \x\ — > oo 

i=i 

where the components of T are homogeneous functions of degree —2. We 
require this expansion to hold up to third order derivatives of the metric. 
The metric g describes the asymptotically flat end of an initial data set 
whose mass is normalized to 2. 

Let S be a closed stable constant mean curvature surface in (M 3 ,g). Let 
Hy, denote the mean curvature of E and let /?£ := sup{p > : -B p (0)nE = 0}. 
We say that E is outlying if the compact region bounded by E is disjoint 
from i?p E (0) and if the mean curvature of the coordinate spheres dB p (0) is 
positive for all p > ps- By the maximum principle, Hy, > if E is outlying. 

Our first result shows that, in general, there may exist arbitrarily large 
outlying stable constant mean curvature spheres in an initial data set. It 
settles a question left open in the work of G. Huisken and S.-T. Yau; see 
M, P- 310. 

Theorem 1. Let a G (0, oo). There exists a metric g as in fTP and a 
sequence of outlying stable constant mean curvature spheres £W such that 
p S (n) — > oo, H^{n) — > 0, and such that lrnv^oo H^ n ) p^t") = 2a G (0, oo). 

On the other hand, we show that sequences of stable constant mean cur- 
vature spheres as in Theorem Q] cannot exist when the scalar curvature of 
the metric is nonnegative. 

Theorem 2. Let a G (0,oo). Let g be a metric as in and let R be 
its scalar curvature function. If there exists a sequence E^ n ^ of outlying 
closed stable constant mean curvature surfaces such that p S (n) — > oo and 
Pz(n) — > 2a as n — >• oo, then liminf^^oo \x\ A R(x) < 0. 

By comparison, Theorem 1.6 in [TTj of J. Metzger and the second-named 
author implies that if the scalar curvature is positive and if E^ n ) is a sequence 
of closed stable constant mean curvature surfaces whose areas diverge to 
infinity as n — > oo, then /? S (n) — > oo. 
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Theorem [2] may be rephrased as follows: Let g be a metric as above 
such that R > — o(|x| -4 ) where R is the scalar curvature of g. For every 
j3 G (0,1) there is p > 1 such that there exist no outlying stable constant 
mean curvature sphere £ with ps > p and /3 < /Os-He < /3~ . 

The uniqueness results in |14}I18| for large stable constant mean curvature 
spheres that contain the center of the manifold rely on a calculation of 
certain flux integrals. No assumption on the scalar curvature is necessary. 
By contrast, these flux integrals vanish in our situation. The proofs of our 
main results here are based on a more delicate analysis. Our starting point 
is a Lyapunov- Schmidt reduction. This method is inspired in part by the 
noncompactness results for the Yamabe equation in conformal geometry; see 
e.g. [2] or [1] for details. Using the implicit function theorem, we construct 
a family of surfaces £(£,a) each of which is close to a large coordinate sphere 
centered at Af and of radius A, whose enclosed volume is equal to ^fA 3 , and 
whose mean curvature differs from a constant by first spherical harmonics. 
Moreover, we show that £(£,a) has constant mean curvature with respect 
to g if and only if £ is a critical point of the function f i— > J^(T,^^))- 
Specifically, we have that 

^ 2 (%A)) - 4^A 2 = 2ttF(0 + o(l), 

where 

m = _ u + 16 iei 2 log + (is iei - ler 1 ) i og 

+ ^-{t tr s (T)-2/ tr R3 (T) 



for (£l 3 . It turns out that the last term is related to the scalar curvature 
of the background metric g in a subtle way. If R > — o(\x\~ 4 ), we are able 
to show that the radial derivative of the function F is strictly positive. In 
particular, F has no critical points in this case. On the other hand, if the 
hypothesis on the scalar curvature is dropped, we show that for suitable 
choice of T the function F has a strict local minimum at some point £ £ 1R 3 
with |f | > 1. 
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2. LYAPUNOV-SCHMIDT REDUCTION 

Let g be as in ([I]). Fix ^ e I 3 with norm |£| > 1. For A > large, we 
consider the coordinate sphere 

5 ($iA) = {x £R 3 :\x- \(,\ = A}. 

The enclosed volume of Sr^x), computed with respect to the metric g, is 
given by 

voi 9 (% A) )= f (i + kr 1 ) 6 

= / {l + Q\x\- l ) + 0{\) 

J{a;GR 3 :|x'-A5|<A} 
4-7T 

= _ A 3 (1 + 6A -1 |£|-1) + (A). 

Moreover, the mean curvature Hs„ A) of the surface S^a) with respect to 
the metric g satisfies 

if 5(e , A) -2A- 1 = 0(A- 2 ). 

In the following, we will need a more precise estimate for the mean curvature 
of S^a)- Using the formula for the change of the mean curvature under a 
conformal change of the metric, we obtain 

H S{( X) - 2A- 1 = -AX' 2 (\y + fl" 1 + \y + CI" 3 (y, y + £» + 0(A~ 3 ), 
where y = A~ x x — £. Since \y\ = 1 on Sr^x) an d |£| > 1 we have 



\y 



where the P^s are the Legendre polynomials. Differentiating this identity 
with respect to £ in radial direction gives 

\y + r 3 <e, v + o = + x ) Kr ,_1 ^ ' ""' " ; 



Hence 



H S((iX) - 2A- 1 = 4A" 2 (\y + ^ (£, y + £> - 2 |y + ^l" 1 ) + 0(A 



-3% 



4A- 2 ^-l)|r i - 1 ^(%f)+0(A- 3 )- 



An application of the implicit function theorem shows that we can deform 
the surface S^x) to a nearby surface £(£,a) with the property that 

4-7T 

vol 9 (% A) ) = T A 3 
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and 

3 

H^ x) - 2A" 1 = ho(£, A) + kit, A) Vi- 

i=i 

The constants hi(£, A) and the surfaces £(£,a) depend on £ in a C 2 -fashion. 
If we write E(£ A ) as a spherical graph over the coordinate sphere S^a) an d 
if denotes the height function, then 

sup \u^ t x)\ + A \Du^ X )\ + A 2 |^ 2 ^,A)I = 

where gradient, Hessian, and length on Sr^x) are computed with respect to 
the Euclidean background metric. The relation vol s (S(^ A )) = 4^ A 3 implies 

/ U (€A) = vo1 <?(%a)) - vol s(%,A)) + O(A) 

= ^A 3 -vol 9 (% A )) + 0(A) 
= -8ttA 2 ^r 1 + 0(A). 
The mean curvature of the surface E^^) with respect to the metric g satisfies 

#s (5 , A) = # % , A) - A S(£iA) « K)A) - 2A- 2 u KiA) + 0(A- 3 ). 
From this, we deduce that 

A %,a)"(?,a) + 2A- 2 u {M = H S((A) - H^ x) + 0(A- 3 ) 

= 4A^ 2 ^-i)ir'- 1 ^(%f) 

i>o 

3 



-ho^,\)-^2hi^,X)yi + 0(X- 



i=l 



Therefore, 



and 



l^o(£,A)| + ^|/ ll (£,A)|=0(A- 3 ). 

i=l 

In particular, we have 

3 

- 2A- 1 = A) + WZ, A) = 0(A- 3 ). 
i=i 

We next define a functional #\ on closed hyper surf aces £ by 
^ A (E) = jr/(S)-2A- 1 vol 9 (E), 



6 SIMON BRENDLE AND MICHAEL EICHMAIR 

where the area and enclosed volume of S are computed with respect to the 
metric g. Using the second variation formula for the functional JF A , we 
obtain 

^/(%A)) " ^ A 2 = ^a(%A)) 



= ^a(%a)) + / - 2A- 1 ) 

+ 1 /" (|V s (^)^ iA) | 2 -2A- 2 n 2 5iA) ) + 0(A- 1 ) 

= ^ a (%a)) - E tt^ i^r 21 " 2 f W dz + °( A_1 ) 

z>o 

= *( S(M ) - 32, 2 (i + 2~ 2 ; + 1) l«r 21 - 2 + 0(A-'). 



Note that 



E^if|- a - 2 = -i-i«i 2 iog^i 

and 

^2z + i ^ 2 iei g iei-i 

Subtracting the second identity from the first gives 

Y l ~ l ir 2i - 2 = -i - lei 2 ^ ^ - — log ^ 

2-^(1 + 2){2l + l)^ 141 ° g |^| 2 2 |C| g |d-l 

Thus, 

<(%A))-y A 2 = ^ A (% A) )+32^ (l+|e| 2 log Ji^_I+J_ i og j|±I) + (A- 1 ). 
Using the identity 



/ |x|- 2 = 2 7 r|r 1 log|±j 
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■*?(%,*))= / (l + W _1 )* + 5 / t r W T ) + °(!) 

= / (1 + 4 kr 1 + 6 |x|- 2 ) + \ ! tr %A) (T) + 
= 47rA 2 + 16^A|^r 1 

+ 12vr|er 1 logM±| + i / tr 5 (T) + (l). 
Similarly, the identity 

gives 

vol,(% A) ) = / (1 + kr 1 ) 6 + \! tr R3 (T) + (A) 

= I (1 + 6 (x)- 1 + 15 \x\~ 2 ) + lf tr R3 (T) + o(A) 

JB (f ^ 1 JB { 

t 



^f^S.A 2 , rl+ 30.A(l-^J log |±i) 



+ \\f tr K3 (T)+o(A). 



Putting these facts together, we conclude that 



« %A) ) - 4rf = 32,(1 + \tf log Mll^i + J_ log |±i) 

+ -irMo g |±i- 6 o. (l -fci log |±i) 

+ i/ trs(T)-/ tr R3 (T) + o(l). 



Hence 



^ 2 (% A) ) - 4vrA 2 = -28vr + 32^ |£| 2 log + 2vr (15 |£| - fl" 1 ) log j||±l 

(2) trs(T)-/ tr R3 (T) + o(l). 
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3. Perturbations with R > — o(|x|~ 4 ) 

Throughout this section, we will assume that R > — o(|x|~ 4 ). It follows 
from ([I]) that the scalar curvature of g is given by 

3 

R=Y1 ( D i D 3 T ij - DiDiTjj) + 0(|x|" 5 ). 
Hence, the condition R > — o(|x| _4 ) implies that 

3 

(3) ( D i D i T v ~ D i D i T 3j) > 0- 

Proposition 3. Let £ G M 3 be such that |£| > 1. IfT satisfies $3\), then 
d 



ds 

Proof. Let 



(f Mr) -2/ 



tr R3 (T) 
00 



> 0. 

=1 



G(s)= [ tr 5 (T)-2 / tr R3 (T) 



and 

K 



3 

(s)= / V] (DiDjTij - DiDiT, 

JB 1 (sO itj=1 



By assumption, K(s) is nonnegative, and 

3 

K( ' 



»< / {DiDjTij — DiDiT, 

Jb >M i,j=i 



33 1 



K(l) 

33) ~ 



for all s > 1. 

Using the divergence theorem, we obtain 
2 



K ( s ) = [ J2((De a T)(e a ,u) - {D v T){e a ,e a )) 

JdB 1 (sO a=1 

2 2 

= / (2T(v,v) - ^T(e a ,e a ) - y2(D u T)(e a ,e a )) 
= / (2tr R 3(r)-3tr s (r)-tr 5 (^r)). 



We next observe that 



and 

d 
ds 



Uf tT S (T))=[ tvs(DsT) 

dS\JdBi(s£) J JdB^sO 

([ tr R3 (T))=[ tr^s(D^T)= f tr R3 (T) 

KJB^st) J JBi(st) JdB^st) 
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Since T is homogeneous of degree —2, the radial derivative of T satisfies 
D X T = —2T by Euler's theorem. Putting these facts together, we obtain 



— / trs(./J s £i ) - I 


I ' 


fRs(T) (s£,z;} 


— / tos{-L>xl ) - 2 
JdBx{si) 


/ tr 

IdB^sO 


M a(T) (x,i/> 


f 

- / tr s (A,T) + 2 


/ tr 


R3 ( T ) 


= [ tT S (D x T) - 2 


/ (tras^Tj + atrasCr)) 


~ [ tr s (D u T) + 2 


/ tr 

'dB^sO 


S3 (T) 


= -2 / tr 5 (T) - 2 


[ tr B 


13 (T) 


- [ trs(D u T) + 2 


/ tr 


S3 (T) 



= G(s) + K(s) 

for all s > 1. Here, v = x — s£ denotes the outward-pointing unit normal 
vector along the sphere dB\{s^). 

Since K{s) < ^jp-, it follows that the function + is monotone 
decreasing in s. Since + — > as s — > oo, we conclude that 

This implies 

G'(1) = G(1) + K(1)>^>0, 

as claimed. 

Corollary 4. Assume that T satisfies ([3p. T/ien we ma?/ wnie 

- 47rA 2 = 2^F(£) + 
where F(£) is a smooth function on M 3 \ -Bi(O) satisfying 

32 ici- io, J^i + d5 i«i + ir ') log |±i + 2 f±| < X , 

Proof. Let 

m = _ M + 16 1^| 2 bg + (is ici - ler 1 ) log 



+ -J-(7 tr s (r)- 2 / 



tr R s (T) 

i(0 -/Bi(0 
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By (0), 

^ 2 (% A) )-4^A 2 = 2^F(£) + o(l). 

Since 



d 



ds 



-7-^0*0 , = 32 iei 2 io g + (is lei + icr 1 ) log + 2 



! is 1 - v 1SI lsl ; b iei-i iei 2 -i 

+ -Tt{ f ^s(T)-2[ tr M a(T) N 



L («© -/Si(aO 

the assertion follows from the previous proposition. 

4. Proof of Theorem [2] 

We argue by contradiction. Suppose that lim^oo |x| 4 R(x) > 0. Let £( n ) 
is a sequence of outlying stable constant mean curvature surfaces such that 
p 2 (n) — > oo and H^„) — > 0. Let r n := 2H~^ n y By assumption, we have that 

lim r~ l px(n) = lim - H^ n) p E(jl) = a € (0,oo). 

n— >oo n— >oo 2 

Consider the metrics </ n ) := r~ 2 ip^g where <p n : M. 3 — > M. 3 is the homoth- 
ety x i — y r n x. The rescaled metrics g* 1 ' converge to the Euclidean metric 
Xa=i dxi ® dxj away from the origin. The mean curvature of the surfaces 
r" 1 £( n ) with respect to is equal to 2. The second fundamental forms 
of these surfaces and their derivatives are uniformly bounded by Proposi- 
tion 2.2 in Using compactness arguments for immersions with bounded 
geometry as in e.g. [8], we may extract a subsequence that converges to 
a stable constant mean curvature immersion with mean curvature 2 in M 3 . 
Such an immersion is a unit sphere by results of B. Palmer [T7]; see also 
[9] and [15]. To summarize, a subsequence of the homothetically rescaled 
surfaces r^ 1 £( n ) converges to a unit sphere dBi(£) where |£| = 1 + a. It fol- 
lows that £( n ) is a perturbation of a coordinate sphere when n is sufficiently 
large and thus arises in our Lyapunov- Schmidt reduction. More precisely, 
we may write £ (n) = £(£„,a„) where lim n _>. 00 £ n ->■ £ and lim^oo ^ 1. 
Moreover, since £( n ) has constant mean curvature, it follows that the point 
£ n must be a critical point of the function £ i-> J^ 2 (£(g jAn )). 

We claim that this setup leads to a contradiction. To see this, let denote 
a ball centered at £ and of radius |. Clearly, £ n £ f2 if n is sufficiently large. 
Using the C 2 -dependence of S(g a) on £> we see that the function 

Fa : O ^ R, £ ^ i- ^ 2 (% A) ) - 2A 2 

satisfies ||i ? A||c 2 (n) — C f° r some constant C that is independent of A > 
large. Since \\F\— F\\ c o^ — >■ as A — > oo, we conclude that i^Hoim) — > 
as A — > oo. Using Corollary HI we obtain 

32!ei 2 iog^ F ^+(i5i£i+ier l )iog|±j+2|^±j < ^a(*o| s=1 +<>(i) 
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for all £ € f2. On the other hand, it is elementary to see that 

32 iei 2 log ^ + (15 id + ir 1 ) log |±i + 2 i|p±l > 

for all (GM 3 with |f | > 10 Thus, 

hf ( 32 it,- io g + d5 K, + log j|±> + 2 |p±i) > 0. 

Hence, if we choose A > sufficiently large, then we have that 



> 

s=l 



for all £ G f2. In particular, if A is large enough, then the function F\ has 
no critical points in f2. This is a contradiction. 

5. Proof of Theorem [T] 

We now construct a metric 5 that admits a one-parameter family of out- 
lying stable constant mean curvature spheres. Throughout this section, we 
let v = (0, 0, 1) G M 3 and 

7(a) = / |x|- 2 (l-3(x 3 - S )) 2 
•/aBi(st>) 

for s > 1. Let so > 2 be a number such that I'(sq) 7^ 0. 

Lemma 5. There exists a smooth function tp : R — > R suc/i £/mt i/ie function 

Q(0 = f \x\~ 2 i>{\x\- x x 3 ) (1 - 3 (a* - £ 3 ) 2 ) 
7sB!(0 

/ms a strict local minimum at some point (£M 3 with |£| > 1. 



Proof. For abbreviation, let to = y 1 — s 2 . We define a sequence of 
functions by 

<pjfe(t) = (max{t -t + 2fc -1 ,0}) 3 . 

Moreover, we put 

i>k(t) = <Pk(t) ~ a k, 
where a/% is a constant to be determined later. 

The associated function Qk(0 satisfies Qk(sv) = Jfe(s) — a,fc7(s), where 

J k (s) = / |x|~V fc (|x| -1 x 3 ) (1 - 3(x 3 - s) 2 ). 

JdBi(sv) 



^This can be verified by inspection. Note that if the left-hand side were negative for 
some £ > 1, then we could turn the argument on its head and conclude the existence 
of closed constant mean curvature surfaces in Schwarzschild that are disjoint from the 
horizon. This would contradict [5]. 
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Note that |x| —1 a?3 > to for all x G Bi(sov). Since |yfc(t)| = 0(k~ 3 ) and 
\(f' k (t)\ = 0(k~ 2 ) for all t > to, we conclude that Jfc(so) = 0(k~ 3 ) and 
J' k (so) = 0(k~ 2 ). Hence, if we put 

then the point so^ is a critical point of the function Q k - Moreover, we have 
a k = 0{k~ 2 ). 

We next compute the Hessian of the function Q k at the point sqv. We 
find 

d 2 



where 



■Qh 



= mW + 0(k~ 2 ), 



£=s v '•' 



M^= f |x|-V(N _1 *3) 

J {x 



' {xedB^sov):^- 1 x 3 e[t ,t +2k- 1 ]} 



■ (\x\ 2 6 i3 - Xi x 3 ) (\x\ 2 5 j3 - Xj x 3 ) (1-3 (x 3 - s ) 2 ). 

Note that ^{[x^ 1 x 3 ) > and 1 - 3 (x 3 - s ) 2 > for all x G dB^SQv) 
satisfying |x| -1 X3 G [to, to + 2k~ 1 ]. Since the set {x G dBi(sov) : 1 x 3 G 
[to, to + k^ 1 ]} has measure at least ck~2, we obtain 

Mg> = / \x\~* Mx]' 1 z 3 ) 

J {xedB^sov):^- 1 x 3 e[t Q ,to+2k- 1 ]} 

• (x 2 + x 2 ,) 2 (1 - 3 (x 3 - s ) 2 ) 

> / ixrv^kr 1 ^) 

J{x€dB 1 {sovy.\x\- 1 x 3 €[to,to+k- 1 }} 

•(x 2 + x 2 ) 2 (l-3(x 3 -s ) 2 ) 

, _3 

> Ck 2 . 

A similar calculation gives that 

M^=M^= f |x|- 8 ^(|x|- 1 x 3 ) 

J {xedB 1 (s v):\x\- 1 xzeltoA^k- 1 }} 

M + f>*% (l-3(x 3 - S0 ) 2 ) 

> / \x\-\H\x\~ 1 x 3 ) 

J {xedB^sovy.lxl- 1 xaeltojo+k- 1 ]} 

(x 2 + x|) x 2 



(i-3(x 3 -s r) 



> ck 2. 



(k) (k) 

Since is diagonal, we conclude that the eigenvalues of are all 

3 

bounded from below by ck~z . Hence, if we choose k sufficiently large, then 
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the Hessian of the function Qk at sqV is positive definite. The smooth func- 
tion ip : R — > R is now obtained from approximation. 



Lemma 6. There exists a smooth function ip : R — > R iwi/i £/ie property 
that the function 

^ _ 287T + 32vr |e| 2 log + 2^ (15 |£| - l^ 1 ) log 

+ / | a; |- 2 ^(|x|- 1 X3)(l-3(x3-6) 2 ) 

<JdBi(0 

has a strict local minimum at some point £ with |£| > 1. 

Proof. Take ip as in Lemma [5j and multiply ip by a large positive con- 
stant. 

We now choose tp as in Lemma We define a Riemannian metric g by 

3 

g = (1 + |x[ -1 ) 4 (ixj (X> (ixj + T, 
i=l 

where 

T = —2 |x| -2 V>(M _1 ^3) <8> c?X2 + dx2 ® dx2 — 2 cZx3 <8) dx 3 ). 

Note that the components of T are homogeneous functions of degree —2. 
Moreover, tr R 3(T) = 0. Thus, 

<(% A) ) - 4vrA 2 = 28^ + 32tt |£| 2 log + 2tt (15 |£| - ^r 1 ) log j|L±j 

+ 1/ tr s (T) + (l) 

= 287T + 32vr iei 2 log + 2tt (15 lei - ler 1 ) i og 

+ I \x\- 2 i>{\x\~ l x 3 ) (1 - 3 (x 3 - £ 3 ) 2 ) + o(l). 

Hence, if A is sufficiently large, then the function £ 1— > J^ 2 (S^ ^)) — 4-7rA 2 has 
a strict local minimum at some point £ with |£| > 1. This corresponds to 
an outlying stable constant mean curvature sphere. This finishes the proof 
of Theorem [TJ 
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